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THE ONSET OF TWINNING IN METALS: A CONSTITUTIVE
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Abstract—A constitutive approach is developed that predicts the critical stress for twinning as a function
of external (temperature, strain rate) and internal (grain size, stacking-fault energy) parameters. Plastic defor-
mation by slip and twinning are considered as competitive mechanisms. The twinning stress is equated to
the slip stress based on the plastic flow by thermally assisted movement of dislocations over obstacles, which
leads to successful prediction of the slip-twinning transition. The model is applied to body centered cubic,
face centered cubic, and hexagonal metals and alloys: Fe, Cu, brasses, and Ti, respectively. A constitutive
expression for the twinning stress in BCC metals is developed using dislocation emission from a source and
the formation of pile-ups, as rate-controlling mechanism. Employing an Eshelby-type analysis, the critical
size of twin nucleus and twinning stress are correlated to the twin-boundary energy, which is directly related
to the stacking-fault energy (SFE) for FCC metals. The effects of grain size and SFE are examined and the
results indicate that the grain-scale pile-ups are not the source of the stress concentrations giving rise to
twinning in FCC metals. The constitutive description of the slip-twinning transition are incorporated into the
Weertman–Ashby deformation mechanism maps, thereby enabling the introduction of a twinning domain.
This is illustrated for titanium with a grain size of 100µm.  2001 Acta Materialia Inc. Published by
Elsevier Science Ltd. All rights reserved.

Keywords: Twinning; Metals; Constitutive equations

1. INTRODUCTION

The response of metals and ceramics to mechanical
stresses can produce the following structural changes:
slip (by dislocation motion); twinning (which also
requires dislocation activity); phase transformations;
and fracture [1]. Slip and fracture have received the
greatest amount of attention from both theoretical and
experimental researchers during the past 60 years.
Mechanical twinning and displacive (martensitic)
transformations also constitute a significant modes of
deformation and can dominate under specific defor-
mation conditions. Whereas dislocation motion is
highly sensitive to strain rate and temperature (e.g.
Becker [2] and Seeger [3–5]), twinning has a much
lower sensitivity to these parameters. Nevertheless, it
is well known that dislocation activity is intimately
connected with twinning nucleation and growth. A
comprehensive review of mechanical twinning has
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been recently provided by Christian and Mahajan [6],
in addition to several other overview treatments [7–
12]. However, the classical deformation-mechanism
maps, also called Weertman–Ashby maps [13, 14],
do not have a twinning domain. This is most likely
due to the absence of well-tested constitutive equa-
tions. Mechanical twinning can have two effects on
the evolution of plastic deformation:

1. It subdivides the grains and therefore increases the
barriers to slip, and the work-hardening rate. This
has been demonstrated by Mulford and Kocks
[15], and successfully modeled by Asgariet al.
[16], El-Danafet al. [17], Kalidindi [18, 19], Sta-
roselsky and Anand [20] and Karamanet al. [21].

2. It contributes to plastic deformation due to twin-
ning shear, which induces a decrease in the work
hardening rate. This has been found in copper
alloys by Vöhringer [22].

There has been in recent years a considerable effort
devoted to the development of constitutive equations
describing plastic deformation of metals and based on
the fundamental aspects of dislocation motion,
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impeded by a variety of barriers. Cottrell [23] and
Seeger [24] made important early contributions. Ono
[25], Vöhringer [26], and Kocks et al. [27] varied the
barrier shape and configuration to arrive at very satis-
factory descriptions of the constitutive response.
These ideas were incorporated into equations used in
large-scale computational codes; prominent represen-
tatives are the Zerilli–Armstrong [28, 29] and the
MTS [30] constitutive equations. A notable effort
toward the incorporation of mechanical twinning into
constitutive models was made in the constitutive equ-
ation developed by Armstrong and Worthington [31].
The computational and experimental studies by Zerilli
and Armstrong [32] show that twinning can play a
significant role. Karaman et al. [21] developed a
constitutive equation for the combined slip/twinning
deformation in Hadfield (FCC) steel; Tomé et al. [33]
extended this to HCP metals. The research effort
whose results are presented in this paper had as a pri-
mary objective the application of a constitutive
description for the onset of twinning in conjunction
with a constitutive equation for slip to obtain maps
for the two regions (slip and twinning) for a variety
of FCC, BCC, and HCP metals. A second objective
was to use the constitutive description to obtain a
linkage between fundamental nucleation parameters,
grain size, and stacking-fault energy (SFE).

2. THE TWINNING STRESS

There are excellent overviews, such as one by
Christian and Mahajan [6], on the effects of internal
(material) and external parameters on the twinning
stress. Four of these aspects, relevant to the constitut-
ive description implemented here, are discussed next.
The critical event in twinning is, for most cases,
nucleation. Growth can occur at stresses that are a
fraction of the nucleating stress [8, 26]. It has been
known for a long time that the local stress required
to nucleate twinning is considerably higher than the
homogeneous stress resulting from the external trac-
tions. The possibility of homogeneous nucleation of
twins in near perfect HCP crystals was reported by
Bell and Cahn [34] and Price [35]. Their results, how-
ever, can also be interpreted as twinning being nor-
mally initiated by some defect configuration, because
of the requirement of much higher stress for the
homogeneous nucleation. A number of nucleation and
growth mechanisms have been proposed and their
description transcends the scope of this paper.
Nucleation mechanisms for FCC metals were sug-
gested by Suzuki and Barrett [36], Haasen and King
[37], Miura et al. [38], Cohen and Weertman [39],
Venables [40, 41], Sleeswik [42], Mahajan and Chin
[43], Bolling and Richman [44], and others. For BCC
metals, Cottrell and Bilby [45], Sleeswyk [46], and
Hirth [47] proposed new or modified some of the
existing mechanisms. An interesting alternative to the
above mechanisms, all based on dislocation reactions,

is the proposal by Orowan [48] that twins nucleate
homogeneously.

2.1. Effect of temperature and strain rate

Figure 1 shows a compilation of twinning stress vs
temperature for a number of metals (both mono and
polycrystals). The striking aspect is that there seems
to be a critical stress that is temperature insensitive.
This issue has been debated in the literature, and there
are diverging results. Bell and Cahn [34] observed a
large scatter in single crystals. This could, however,
be attributed to stress concentration sites other than
pile-ups (surface notches, internal flaws, etc.). Hence,
a distribution of twinning stresses, similar to a Weib-
ull distribution for ceramic strength, could be
expected. There are also reports of gradual decrease
in the twinning stress with increasing temperature for
FCC metals, by Bolling and Richman [44], and Koes-
ter and Speidel [49]. Christian and Mahajan [6] dis-
cuss this topic in detail. Mahajan and Williams [10]
suggested that BCC metals have a negative depen-
dence of twinning stress on temperature, while FCC
metals have a slightly positive temperature sensi-
tivity. However, Reed-Hill [50], based on the work
on BCC Fe3Be by Bolling and Richman [44], con-
cluded that whenever the deformation proceeds prim-
arily by twinning, the flow stress tends to have a posi-
tive temperature dependence and a negative strain-
rate dependence. Venables [41] analyzed critically the
existing data for FCC crystals and concluded that it
was insufficient to reach a definitive conclusion. For
the purposes of the subsequent calculations, it will be
assumed that there is a critical stress for twinning that
is either temperature independent or has a very low
temperature dependence. For the FCC and HCP struc-
tures, the strain-rate dependence of the twinning
stress has not received the same degree of attention.
The only account in which the strain rate is varied
over a very broad range is to the authors’ knowledge
the work of Harding [51, 52] on monocrystalline iron,
shown in Fig. 1. The twinning shear stress at 103 s�1

is ca 220 MPa, whereas it is about 170 MPa at 10�3

s�1. This result is used in a simple constitutive equ-
ation for twinning presented in Section 3, but
additional experiments are clearly necessary to estab-
lish the full strain-rate dependence.

Figure 2(a) shows the results by Chichili et al. [53]
which illustrate eloquently the effect of stress on
twinning. Twinning is an evolving process, increasing
with stress, beyond its critical value. The results plot-
ted in Fig. 2(a) were obtained at varying temperatures
(77 and 300 K) and strain rates (10�3 to 103 s�1).
Nevertheless, all the data fit into a single curve, show-
ing that the number of twins/grain is a function of
stress, independently of temperature and strain rate.
Figure 2(b) shows similar results for an FCC alloy
(35%Ni–35%Co–20%Cr–10%Mo) [16]. The frac-
tional amount of twinning increases monotonically
with stress. The fact that increasingly higher stresses
are required to produce increasing amounts of twin-
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Fig. 1. Twinning stress as a function of temperature for a number of metals (both mono and polycrystals).

Fig. 2. Effect of stress on twinning: (a) twin density (measured
in twins/grain) as a function of shear stress for CP titanium
tested at 77, 300 K, and strain rates of 10�3 and 103 s�1 (from
Chichili et al. [53]). (b) Fraction of grains twinned as a function
of stress for a 35%Ni–35%Co–20%Cr–10%Mo (FCC) alloy

(from Asgari et al. [16]).

ning can be qualitatively explained by the unloading
(and associated shielding) occurring in the surround-
ing of a twinned region. This local unloading might
or might not manifest itself by global stress drops in
the stress–strain curve.

2.2. Effect of grain size

Another highly unique characteristic of twinning,
first pointed out by Armstrong and Worthington [31],
is the larger grain size dependence of the twinning
stress, as compared with the slip stress. For most
cases, a Hall–Petch relationship is obeyed, but with
a slope kT, that is higher than the slope kS for slip,
that is:

sT � sT0 � kTd�1/2. (1)

For example, the Hall–Petch slope for twinning in
copper was found by Vöhringer [54] to be
kT�0.7 MN/m3/2, which significantly exceeds the one
for slip kS�0.35 MN/m3/2. Recent evidence by Song
and Gray [57] suggests that the Hall–Petch slope for
twinning in zirconium (kT�2.4 MN/m3/2) is almost
ten times the one for slip (kT�0.25 MN/m3/2). Table
1 is a compilation of data for BCC, FCC, and HCP
metals from a number of sources [54–63]. The reason
for the difference is not fully understood, but Arm-
strong and Worthington [31] suggest that twinning is
associated with microplasticity, that is, dislocation
activity occurring before the onset of generalized
plastic deformation, whereas the yield stress is asso-
ciated with generalized plastic deformation. It is very
plausible that microplasticity and overall deformation
are controlled by different mechanisms, that is, elastic
anisotropy, incompatibility stresses, and barriers to
slip. Recent results by El-Danaf et al. [17] reconfirm
the significant effect of grain size on the propensity
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Table 1. Comparison of Hall–Petch slopes for slip and twinning

H–P slope
H–P slope for for

Material slip kS (MPa twinning
mm1/2) kT (MPa

mm1/2)

BCC
Fe–3 wt%Si (Hull) 10.4 (RT) 38.48

17.64 (77 K)
Fe–3 wt%Si (Loehe and Vöhringer) 12 100
ArmcoFe (Loehe and Vöhringer) 20 124
Armco Fe (Moiseev and Trefilov) 90
Steels: 1010, 1020, 1035 (Loehe and

20 124
Vöhringer)
Fe–25at%Ni (BCC) (Nilles and

33 100
Owen)
Cr (Marcinskowski and Lipsitt) 10.08 67.75
Va (Lindley and Smallman) 3.46 (20 K) 22.37

FCC
21.6 (77

Cu (Vöhringer)
K)

(Meyers et al.) 5.4 (RT)
(Zerilli and Armstrong) 5.2 (RT)

11.8 (77
Cu–6 wt%Sn 7.1

K)
7.9 (295

Cu–9 wt%Sn 8.2
K)
15.7 (77

Cu–10 wt%Zn 7.1
K)

Cu–15 wt%Zn (Vöhringer; Koester 11.8 (77
8.4

and Speidel) K)
16.7 (295
K)

HCP
Zr (Song and Gray) 8.25 79.2
Ti (Okazaki and Conrad) 6 (78 K) 18 (4 K)

for twinning. A 70/30 brass with a grain size of 250
µm shows a much greater twinning density than with
grain sizes of 9 and 30 µm. A 35%Ni–35%Co–
20%Cr–10%Mo alloy which twins readily at a grain
size of 40 µm, shows no evidence of twinning at a
grain size of 1 µm. Similar effects were observed by
Romhanji et al. [64] and Lahaie et al. [65]. Meyers
et al. [66] performed shock compression experiments
on copper at 35 GPa and obtained profuse twinning
for grain sizes of 117 and 315 µm, but virtually no
twinning for a grain size of 9 µm.

2.3. Effect of stacking-fault energy

Suzuki and Barrett [36] and Venables [40, 41] pro-
posed relationships between the SFE gSF and the twin-
ning stress tT. It is well known that the twinning
stress increases with increasing SFE. This is true
mostly for FCC metals, and the classic plot by Ven-
ables [40, 41] shows this effect very clearly. Narita
et al. [67] have shown that:

(tT)Cu�(tT)Ag�(tT)Au, (2)

in accordance with

(gSF)Cu�(gSF)Ag�(gSF)Au. (3)

Based on the analysis of Ni–Ge alloys, Cu, Au, and

Ag, Narita and Takamura [11] found that gSF and tT
are proportional, such that gSF = 2bstT, where bs is the
Burgers vector for a Shockley partial. The strong
decrease in the twinning stress, observed when Mo is
alloyed with Rh, has also been attributed to a SFE
decrease [62]. Figure 3 shows a compilation of results
by Venables [40] and Vöhringer [68]. The twinning
stress for a number of copper alloys is shown to vary
with the square root of the SFE. This effect is criti-
cally discussed in Section 5, where a new relationship
is proposed.

2.4. Effect of texture

Gray et al. [63] have shown that texture has
especially important effect on twinning in low-sym-
metry metals. They demonstrated this for Ti and Zr.
There is an intrinsic difference between slip and twin-
ning that leads to significant differences in mechan-
ical response when texture is present. A dislocation
moves in opposite sense along the same direction
when the applied stress is reversed, while the critical
resolved shear stress (CRSS) is independent of the
sense of dislocation motion. A twin, on the other
hand, has a definite sense along which it shears. In the
absence of texture these differences do not manifest
themselves. The twinning and slip stresses are the
same for either compressive or tensile applied trac-
tions. In the presence of texture, however, the twin-
ning stresses in compression and tension are different.
The analysis presented in this paper applies to untex-
tured polycrystalline aggregates only.

2.5. Effect of stress state

The simulations by Serra and Bacon [69] and Serra
et al. [70] predict an increase in the lattice spacing
between the twin plane and adjacent planes, with the

Fig. 3. Twinning (normal) stress as a function of stacking-fault
energy for copper and copper solid solutions.
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dilatation of ca 0.004. Lebensohn and Tomé [71] dis-
cuss the effect of stress state on the critical stress for
twinning and point out that this strain can affect the
stress dependence. A normal stress affects the critical
twinning stress, which can be included in the consti-
tutive analysis. In martensitic transformations, when
the product phase has a lower density than the parent
phase, the effect is quite pronounced [72,73]. How-
ever, since there is no intrinsic difference in density
between the twinned and untwinned regions, the
effect is most probably of second-order for twinning.
Consequently, it will not be incorporated in the com-
putations presented herein.

3. AN ANALYTICAL DESCRIPTION OF THE
TWINNING STRESS

In general, the tendency for the occurrence of
mechanical twinning in BCC and HCP metals [74–
76] is quite strong at high strain rates and low tem-
peratures, because the flow stress can be effectively
raised up to the level required for twin formation.
This is a direct result of their high strain-rate and ther-
mal sensitivity. In BCC metals, twinning usually
occurs prior to macro-yielding, and in many cases it
is inhibited by significant plastic deformation. In FCC
metals, which have a much lower strain-rate sensi-
tivity, but higher work hardening ability, twinning
often occurs after significant plastic deformation,
which raises the corresponding stress level.

A simple constitutive twinning model for BCC
metals is developed below, in which it is assumed
that pile-ups play a key role in creating the stress con-
centration for the initiation; generalized dislocation
activity seems to inhibit pile-up formation. It is based
on the stress concentration generated by a pile-up due
to activation of the Frank-Read or Köhler [77] source.
A dislocation pile-up is created by a dislocation
source, as shown in Fig. 4(a). The number of dislo-
cations piled up is determined by the distance l
between the source and barrier, and the applied stress.
The local stress in front of the barrier is equal to the
product of the applied stress and the number of piled-
up dislocations. If a unique threshold twinning stress
exists, the macroscopically measured twinning stress
(or applied stress) will strongly depend on the micro-
structure of the sample, because the distance l is
microstructure-dependent. The initiation and propa-
gation of the twin in a neighboring grain are shown
in Fig. 4(b). The velocity of dislocations traveling
from the source to the barrier is given by Johnston–
Gilman equation [78]

v � A0tmexp��
Q
RT�, (4)

where t is the stress acting on the dislocation, Q is
the activation energy, T is the temperature, and A0

Fig. 4. (a) Schematics of edge dislocations piled up at a barrier.
(b) Frank–Read or Köehler source creating a pile-up at grain

boundary and twinning in neighboring grain.

and m are constants. This equation applies to the low-
velocity regime, before viscous drag and relativistic
effects come into play, and breaks down at tempera-
tures close to 0 K. The time for an individual dislo-
cation to travel from source to barrier is l/v.
Assuming, to a first approximation, that the time for
all dislocations arriving at the pile-up and traveling
from the source is the same and equal to l/v, the total
time required to build up the dislocation pile-up of n
dislocations is equal to

t � n
l
v
. (5)

This assumes that no two dislocations are simul-
taneously traveling to the barrier. Inserting equation
(4) into equation (5) gives

t �
nl

Atm
exp� Q

RT�. (6)

Since microslip occurs in the elastic stage, the
relationship between stress and strain in a uniaxial
loading configuration is s = E�, so that under con-
ditions of constant strain rate

s � E�̇t. (7)
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Fig. 5. Comparison between the computed and the experimental
stresses for slip and twinning in single crystal iron (data from

Harding [51, 52]).

Substituting equation (6) into equation (7) and using
the relationship between the normal and shear stresses
through the orientation factor MT, that is,
sT = MTtT, yields the twinning stress

sT � K�̇1/m � 1exp� Q
(m � 1)RT�, (8)

K � MT� nlE
MA0

�1/m � 1

.

This equation is applied to iron in order to establish
the strain-rate and temperature dependence of twin-
ning. The experimental results of Stein and Low [79]
for Fe–3 wt%Si are used for m ( = 36) and Q
( = 51.66 kJ/mol). The activation energy was
obtained by plotting the dislocation velocity (at con-
stant stress) as a function of 1/T. The parameter K is
obtained by fitting equation (8) to experimental
results reported for the twinning stress by Harding
[51, 52]. The results are shown in Fig. 5 for both
slip and twinning. The Zerilli–Armstrong equation for
BCC metals was used for slip, that is

sS � sG � C1exp���C3�C4 ln
�̇

�̇0
�T�. (9)

The parameters of Zerilli and Armstrong [28, 29] are
listed in Table 2. The stress sG is the athermal

Table 2. Zerilli–Armstrong parameters for iron

Values

Zerilli–Armstrong parameters
s0G 0
C1 (MPa) 1033
C3 (K�1) 0.00698
C4 (K�1) 0.000415

Twinning equation parameters
K (MPa) 380
m 36
Q (kJ) 51.66

component of stress, and �̇0 is the reference rate of
strain. It can be seen that the slip and twinning
response differ drastically. Twinning exhibits a very
weak temperature dependence. Below 20 K, the John-
ston–Gilman equation breaks down, because the
stress goes to infinity. It is known that this is physi-
cally incorrect and an equation of Seeger’s form,
incorporating barriers of specific height and shape,
would be preferable. An important conclusion that
can be drawn from Fig. 5 is that the slip-twinning
intersection is strongly dependent on strain rate,
increasing from 120 K at 10�3 s�1 to 200 K at 103

s�1.

4. CONSTITUTIVE DESCRIPTION OF THE SLIP-
TWINNING TRANSITION

The rationale to be used in this section is that the
onset of twinning occurs when the slip stress tS
becomes equal to the twinning stress tT, that is

tS � tT. (10)

It will be assumed that there is a CRSS for twinning
that is independent of the stress state. For an untex-
tured polycrystalline aggregate we then write

sS

MS

�
sT

MT

. (11)

If the orientation factors MS and MT are assumed to
be equal to each other, there follows

sS � sT. (12)

The described rationale will be applied to typical
metals representative of the three crystalline systems
of greatest importance for metals: Fe (BCC); Cu
(FCC); and Ti (HCP). No attempt was made at the
present stage to compare the calculated slip-twinning
transitions with experimental results on the initiation.

4.1. Iron (BCC)

The constitutive equations (8) and (9) from Section
3 are used in equation (12), with the addition of the
Hall–Petch terms for slip and twinning, kS and kT,
respectively. This leads to

�sG � K�̇1/m � 1 exp� Q
(m � 1)RT�

�C1 exp���C3�C4 ln
�̇

�̇0
�T� � sT0�sS0 (13)

� (kT�kS)d�1/2 � 0.

Figure 6(a) shows the slip and twinning curves for
strain rates of 10�6, 10�3, 100, 103 and 106 s�1 for
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Fig. 6. (a) Calculated slip and twinning stresses for monocrys-
talline iron (grain size d = 100 µm) as a function of strain rate.
(b) Calculated slip-twinning transition for iron of different

grain sizes.

iron with a 100 µm grain size. The intersections of
these curves are given by the solution of equation
(13). Figure 6(b) shows the slip-twinning transition
for different grain sizes. The effect of grain size is
clearly seen and is due to the fact that kT�kS. The
values for kT and kS are given in Table 1. The twin-
ning domain for monocrystalline iron is much larger
than for polycrystalline iron.

4.2. Copper (FCC)

It was not possible to apply the constitutive equ-
ation for twinning given in Section 3 to copper.
Attempts were made at obtaining the activation
energy and dislocation velocity exponent m from
Jassby and Vreeland [80], Greenman et al. [81], Kle-
intges and Haasen [82], and Suzuki and Ishi [83].
Jassby and Vreeland [80] only report dislocation velo-
cities of 10 cm/s and higher; this results in low values
for m and unacceptably high temperature and strain-
rate sensitivity for the twinning stress. Therefore, it
was decided to simply use the twinning stress determ-
ined experimentally. Thornton and Mitchell [58]
report a shear twinning stress for monocrystalline
copper of 150 MPa and this value is adopted. The
Hall–Petch slope for twinning is given in Table 1 and
was obtained by Vöhringer [54]; it is equal to 21.6

Table 3. Zerilli–Armstrong parameters for Cu and Ti

Parameters Cu Ti

sG (MPa) 46.5 0
C1 — 990
C2 (MPa) 890 700
C3 (K�1) 0.28×10�3 1.06×10�3

C4 (K�1) 1.15×10�4 6.8×10�4

C5 — —
n 0.5 0.5
ks (MPa mm1/2) 5 6

MPa mm1/2. The slip response was modeled by the
Zerilli–Armstrong equation for FCC metals, with
parameters given in Table 3. The resulting equation is

s � sG � C2 exp���C3�C4 ln
�̇

�̇0
�T� (14)

� kSd�1/2.

The constitutive responses are shown in Fig. 7, at two
levels of plastic strain: 0.2 and 0.8. It is seen that no
twinning is obtained at 0.2, but that at plastic strain
of 0.8 the twinning occurs for all strain rates, for the
grain size of 10 µm.

The slip-twinning transition as a function of grain
size is shown in Fig. 8(a). This corresponds to plastic
strain of 0.2. The effect of grain size is dramatic and
influences the occurrence of twinning in a significant
way. The effect of plastic strain is more clearly seen
in the slip-twinning transition plot of Fig. 8(b). These
calculations were made for a constant grain size of
10 µm. A plastic strain of 0.3 is necessary to initiate
twinning. At ambient temperature, the strain rate of
5×103 s�1 and the strain of 0.8 are required to produce
the twinning.

4.3. Titanium (HCP)

Zerilli and Armstrong [84, 85] demonstrated that
the constitutive response of BCC metals can represent
the behavior of titanium, with a few modifications to

Fig. 7. Twinning and calculated slip stresses (at two levels of
plastic strain) for 10 µm grain size copper.
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Fig. 8. (a) Calculated slip-twinning transition for copper of dif-
ferent grain sizes. (b) Calculated slip-twinning transition for
copper (d = 10 µm), at different plastic strain levels: 0.3; 0.5;

and 0.8.

incorporate the decrease in work hardening rate as the
temperature is increased. The utilized equation is

s � sG � C1� �̇

�̇0
�C3T

� C2�
n exp(C4T) (15)

� kSd�1/2

The term exp(C4T) decreases the work hardening as
T increases. The twinning stress is represented by

sT � sT0 � kTd�1/2. (16)

Gray [86] reported a greater propensity for mech-
anical twinning of large grain sized (240 µm) than
smaller grain sized (20 µm) Ti in dynamic testing, in
agreement with the assumption that kT�kS. Conrad et
al. [87] observed similar effects. The critical twinning
stress is reported by Zerilli and Armstrong [84]. It
is known that interstitials have a major effect on the
mechanical response of Ti [87]. For instance, the
yield stress of Ti at RT increases from 150 to 600
MPa, when the oxygen equivalent (O + N + C) per-
centage is increased from 0.1 to 1.0%. This effect is
more important than the grain size, since the yield

stress increases from 450 to 600 MPa when the grain
size is decreased from 1.5 mm to 1.5 µm (for 1%Oeq.).
The Hall–Petch slope for slip was obtained by Oka-
zaki and Conrad [88] and was found to be relatively
insensitive to interstitial content. Conrad et al. [87]
report twinning shear stresses in monocrystalline Ti,
for (101̄2) and (112̄1) planes, between 420 and 380
MPa, respectively. These twinning stresses decrease
with decreasing temperature. Taking a value of 800
MPa for the normal stress, the slip-twinning transition
was estimated for grain sizes of 3, 10, and 100 µm.
The results are shown in Fig. 9. It should be noted
that the calculations were carried out for Marz
titanium, with 0.1%Oeq. and not with the material
given by Zerilli and Armstrong [84], which has
Oeq.�1% and a yield stress at ambient temperature
and the strain rate 10�3 s�1 of 400 MPa. The inter-
stitial content has a significant effect on the twinning
stress, as discussed by Conrad et al. [87]. The rise in
the twinning stress with interstitial content is more
significant than the slip stress; this explains why the
tendency for twinning decreases with interstitial
increase. The effect of interstitials manifests itself in
both the thermal and athermal components of the
stress, and Conrad et al. [87] give a value of
�t = 0.02GC1/2

i at 300 K, where Ci is the atomic con-
centration of interstitials, and G is the shear modulus.
This value can be used to modify the Zerilli–Arm-
strong equation (15) for HCP metals, such that

s � sG � C1� �̇

�̇0
�C3T

� C2�
m exp(C4T) (17)

� 0.02GC1/2
i � kSd�1/2.

5. EFFECT OF STACKING-FAULT ENERGY

Figure 3 shows the significant effect of the SFE gSF

on the twinning stress for FCC metals. As an illus-
tration of the effect of SFE on the incidence of twin-
ning, the Cu–Zn system is analyzed. Gallagher [89]
and Vöhringer [90] correlated the SFE to the
electron/atom (e/a) ratio in copper alloys and arrived
at the following expression

Fig. 9. Calculated slip-twinning transition for titanium of dif-
ferent grain sizes.
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ln�gSF

gCu
� � K1� C

C � Cmax
�2

, (18)

where gCu is the stacking fault energy for copper, and
C is the concentration of solute atoms. The maximum
concentration of the solute is denoted by Cmax. The
best fit was obtained with K1 = 12.5 and
gCu = 57±8 mJ/m2. Equation (18) can be combined
with the mathematical representation of data from
Fig. 2, which is

sT � K2�gSF

Gb�1/2

. (19)

A good fit is obtained with K2 = 6 GPa. The same
fit was satisfactorily obtained by Narita and Takamura
[11] for Ni–Ge alloys. Substitution of equation (18)
into equation (19) yields

sT � K2�gCu

Gb�1/2

exp�K1/2
1

C
C � Cmax

�. (20)

The effect of solid solution (Zn, Ag, Al, Sn, Ge)
atoms on the mechanical response of Cu has been
established quite carefully, as well as the effects of
these solutes on the Hall–Petch relationship. Vöhr-
inger [90] proposed the following expression for the
yield stress

s � sG0 � K3�
4/3
L C2/3 � �(s∗

0

� K4�
4/3
L C2/3)�1 �

k ln(�̇/�̇0)
��0

�1/p

T1/p�1/q

(21)

� kSd�1/2,

where s∗
0 is the thermal and sG0 the athermal compo-

nent of stress for pure copper, while ��0 is the refer-
ence activation energy. Equation (21) is based on the
overcoming of short-range obstacles that have the
shape dictated by the parameters p and q. The effect
of solid solution atoms is manifested (both in the ther-
mal and athermal components of stress) through the
C2/3 relationship and the Labusch parameter �L, which
has different values for different solid solution atoms.
K3 and K4 are parameters, and �̇0 is a reference strain
rate that was taken by Vöhringer [90] to be 1020 s�1.

The effect of work hardening can be incorporated
into equation (21) by adding the term C2�

n to the ther-
mal component of stress; in FCC metals work harden-
ing increases the density of forest dislocations, which
constitute short-term barriers. The parameters that
were used for the Cu–Zn are given in Table 4.

The results of calculations are represented in the
slip-twinning transition plots of Fig. 10, in which
equations (20) and (21) were used. These calculations
were carried out for different Cu–Zn alloys: 5, 10,

Table 4. Slip and twinning parameters for Cu–Zn alloys (from
Vöhringer)

Slip
K3 (MPa) 96
K4 (MPa) 300
�̇0 (s�1) 1020

�L 0.98
p 3/2
q 1/2
ks (MPa mm1/2) 8.2
��0 (J) 2.56×10�19

Twinning
K1 (MPa) 12.5
K2 (MPa) 6000
gCu (mJ/m2) 57±8
G (GPa) 43
b (nm) 0.3
kT (MPa mm1/2) 16

Fig. 10. Calculated slip-twinning transition for Cu–Zn brasses:
(a) monocrystal; (b) polycrystal with grain size 50 µm.

15, and 20% at Zn. Figure 10(a) shows the results
for monocrystalline brass, while Fig. 10(b) shows the
results for a polycrystalline brass with a grain size of
50 µm. It is clear that the addition of Zn increases the
propensity for twinning, displacing the slip-twinning
transition upwards. By using equation (21) with the
added term C2�

n, it is possible to establish the onset
of twinning after different amounts of plastic defor-
mation. Since Cu–Zn is FCC, twinning can occur
after significant plastic deformation.
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6. ANALYTICAL PREDICTION OF THE CRITICAL
NUCLEUS SIZE

In this section, an expression for the twin-stress
dependence on SFE will be derived using the classical
nucleation theory. It is recognized that this approach
has a number of simplifying assumptions and that the
complex dislocation interactions involved in twinning
are not incorporated. The induced stress acting on the
barrier will generate an elastic distortion, which has
to supply the energy required to create a twin-matrix
interface (gTB), and the energy needed for the forma-
tion of the twin as an Eshelby’s inclusion (�W). The
total change in free energy can thus be written as

�� � �W � gTBA. (22)

The interface area of the twin embryo is denoted by
A. In the case when the embryo is an oblate spheroid
(a1 = a2 = r, a3�r), we have (Fig. 11)

A � pr2�2 �
r2

√1�r2 ln
1 � √1�r2

1�√1�r2 �, (23)

where

r �
a3

r
�1. (24)

If r�1, then with a good accuracy

A�2pr2. (25)

Suppose that, under applied shear stress s0
13, the

twinning plane is the plane (x1, x2), whose normal is
in the direction x3, and that the twin embryo has
undergone a plastic shear �p

13 in the direction parallel
to x1. Furthermore, suppose that the shear modulus of
the parent material is G, while the shear modulus of
the embryo (due to its possible crystalline reorien-
tation relative to the surrounding matrix) is G∗. The

Fig. 11. Dislocation pile-up and ellipsoidal (oblate spheroid)
twin embryo.

stress state within the ellipsoidal twin can then be
determined from the Eshelby’s [91, 92] solution for
an ellipsoidal inhomogeneity in an infinite matrix
under applied stress s0

13. This is

s13 � 2G(2S1313�1)�∗∗
13 , (26)

where

�∗∗
13 � �p

13 � �∗
13 �

(G�G∗)�0
13 � G∗�p

13

2(G∗�G)S1313 � G
. (27)

The homogenization eigenstrain is denoted by �∗
13,

and �0
13 = s0

13/2G. The component of the Eshelby’s
tensor S1313 for the oblate spheroid is

S1313 �
1
2�1�

2�n
1�n

pr
4 �, (28)

where n is the Poisson ratio of the matrix material.
The change in the elastic potential energy of the

matrix induced by the creation of the twin embryo is
(e.g. Mura [93])

�W � �
1
2�V

s0
ij�

∗
ij dV�

1
2�V

sij�
p
ij dV (29)

��
V

s0
ij�

p
ij dV,

where

V �
4p
3
rr3 (30)

is the volume of the embryo. For uniform plastic
strain �p

13 and uniform driving stress s0
13, equation

(29) becomes

�W � �[s0
13�

∗∗
13 � (s0

13 � s13)�p
13]

4p
3
rr3. (31)

Upon the substitution of equations (26)–(28) into equ-
ation (31), there follows

�W � ��js0
13�

2�n
1�n

pr
2

G�p
13�

∗∗
13 �4p

3
rr3, (32)

where

j �

2�p
13��1�

G
G∗��s0

13

2G
�

2�n
1�n

pr
4

�p
13�

1��1�
G
G∗�2�v

1�v
pr
4

. (33)
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The corresponding change of the total free energy is

�� � ��js0
13�

2�n
1�n

pr
2

G�p
13�

∗∗
13 �4p

3
rr3 (34)

� 2pr2gTB.

To determine the relationship between the critical
size of the twin embryo and the required nucleation
stress s0

13, we require that

∂(��)
∂r

� 0,
∂2(��)

∂r2 �0, (35)

and

∂(��)
∂r

� 0,
∂2(��)

∂r2 �0. (36)

These conditions define the coordinates of a saddle
point of the surface ��(r, r), as in the analysis used
by Yoo and Lee [94], and Lebensohn and Tomé [71].
Physically, this implies that once twin is formed, it
grows in an unstable manner with respect to the
increase in r, but with a constant aspect ratio r (self-
similar twin growth, with a3 increasing in proportion
to r).

Simple results are obtained if the twin’s crystalline
reorientation is neglected, so that

G∗ � G, �∗
13 � 0, �∗∗

13 � �p
13, j � 2�p

13, (37)

and

�� � ��2s0
13�

2�n
1�n

pr
2

G�p
13��p

13

4p
3
rr3 (38)

� 2pr2gTB.

This approximation is particularly satisfactory if the
plastic strain �p

13 is significantly more pronounced
than the strain �0

13, which will be the case in our
numerical evaluations. The condition (35) then
becomes

rc �
1�n
2�n

2
p
s0

13

G�p
13

, (39)

while condition (36) gives

rc �
gTB

�2s0
13�

2�n
1�n

prc

2
G�p

13�rc�
p
13

. (40)

Upon substitution of equation (39) into equation (40),
there follows

rc �
p
2

2�n
1�n

GgTB

(s0
13)2. (41)

For example, if n = 1/3, we have

rc �
4

5p
s0

13

G�p
13

, (42)

and

rc �
5p
4

GgTB

(s0
13)2. (43)

An expression for rc similar to that given by equation
(42) was originally derived for FCC metals by Ven-
ables [41]. A generalization to anisotropic elasticity
was made by Lebensohn and Tomé [71].

For the driving stress of twin formation s0
13 we

shall take the stress at the tip of the pile-up at the
grain boundary of the neighboring grain. The rep-
resentative value for copper is about 1 GPa. Since the
twinning shear strain of copper is about �p

13 = 0.354,
and G = 48.3 GPa, we obtain from equation (42) the
critical aspect ratio

rc � 0.015. (44)

It should be noted that the twinning shear strain is
rather large, which puts some restrictions on the
applicability of the analysis based on classical Eshel-
by’s inclusion theory, used in this and most of the
previous work on the subject.

The twin-boundary energy can be considered to be
the sum of the coherent twin-boundary energy (gCTB)
and the energy of the twinning dislocations. The
coherent twin-boundary energy is related to the stack-
ing fault energy (gSF) by

gCTB � (0.5�0.75)gSF. (45)

For copper, the value of gSF = 0.055 J/m2 is most
commonly used, although there is a considerable vari-
ation of this estimate, and the value as high as
gSF = 0.075 J/m2 has been reported. Due to uncer-
tainties regarding the precise estimate of the total
twin-boundary energy, we used three values of gTB,
one equal to gSF, the other equal to 2gSF, and the third
equal to 10gSF. The plot of rc vs s0

13, obtained from
equation (43) is shown in Fig. 12. Evidently, for
gTB = 0.055 J/m2, G = 48.3 GPa and s0

13 = 1 GPa, the
critical radius is
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Fig. 12. Critical radius for twin embryo, rc, as a function of
local stress s0

13. Calculations are for copper with three values
of the twin-boundary energy, gGB = 0.055, 0.11 and 0.55 J/m2,

and the shear modulus G = 48.3 GPa.

rc � 10.4 nm. (46)

For Fe–3.2 wt%Si (BCC), we used G = 70 GPa,
gTB = 1 J/m2, �p

13 = 0.355, and s0
13 = 2 GPa and calcu-

lated

rc � 0.02, rc � 68.7 nm. (47)

For Ti (HCP) with G = 40 GPa, gTB = 0.3 J/m2,
�p

13 = 0.2, and s0
13 = 1 GPa, we obtained

rc � 0.032, rc � 47 nm. (48)

7. GRAIN-SIZE EFFECTS AND THE SIZE OF PILE-
UPS

It is simple to relate the local stress s0
13, driving

the twin formation, and the globally applied stress
t13 = t by considering the number of dislocations at
the pile-up and by using the equation developed by
Eshelby et al. [95]. The shear stress s0

13 is created by
the pile-up equivalent dislocation with the Burgers
vector nb and the shear stress nt at a distance l/4 from
the tip of the pile-up of length l. The externally
applied stress t is related to the number of dislo-
cations n in the pile-up by

n �
aplt
Gb

, (49)

where a is parameter that depends on the dislocation
character (a = 1 for edge dislocations). The relation-
ship between the local stress s0

13 and the globally
applied stress t is thus

s0
13 � nt �

aplt2

Gb
. (50)

If equation (43) is adopted, we have

s0
13 � �5p

4
GgTB

rc
�1/2

. (51)

Equating the right-hand sides of equations (50) and
(51) gives an expression for the length of the pile-up
required for the twinning operation

l �
1
a

G
t2� 5

4p
GgTB

rc
�1/2

b. (52)

Using the Hall–Petch relationship between the global
twinning stress t and the grain size d

t � t0 � kTd�1/2, (53)

the substitution into equation (52) gives

l �
1
a

G
(t0 � kTd�1/2)2� 5

4p
GgTB

rc
�1/2

b. (54)

Numerical evaluations reveal that l is much smaller
than the grain size. For example, for copper with
kT = 0.30 MPam1/2, t0 = 40 MPa and d = 103 nm, we
obtained l = 34 nm, which is about 30 times smaller
than the grain size d. For the grain size of 104 nm,
the maximum length of the pile-up is about 40 times
smaller than the grain size d. An even smaller ratio
l/d is found for Fe–3%Si. Although elastic anisotropy
and nonlinear effects in the Eshelby’s inclusion
analysis were neglected, this strongly suggests that
the size of the pile-ups responsible for the onset of
twinning is much smaller than the grain size. An
alternative explanation would be that other mech-
anisms are responsible for the stress concentrations
necessary to initiate twinning.

8. CONCLUSIONS

An analytical treatment that describes the initiation
of mechanical twinning is developed and presented in
graphical form as strain rate–temperature plots. This
constitutive description is applied to metals represen-
tative of these principal crystal systems: BCC (iron);
FCC (copper and Cu–Zn brass); and HCP (titanium).
For BCC metals, an equation for the twinning stress
is derived from the consideration of the activation of
Frank-Read sources. This provides a temperature and
strain-rate dependence that are compared with experi-
mental results for iron by Harding [51, 52]. For FCC
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and HCP metals, the authors are not aware of any
experimental results on the effect and the twinning
stress is assumed to be constant. For brasses, the SFE
dependence of the twinning stress is incorporated into
the twinning equation. An important observation is
that the Hall–Petch slope for twinning is consistently
larger than the one for slip. This manifests itself in
a considerable enhancement of the predisposition for
twinning as the grain size is increased. The difference
between the two slopes is not well understood.

An analysis using the Eshelby inclusion theory
shows that the critical twinning stress has a SFE
dependence, in accordance with experimental
measurements. The analysis leads to quantitative pre-
dictions. The effects of grain size and SFE are evalu-
ated and the results indicate that the grain-scale pile-
ups are not the source of the stress concentrations giv-
ing rise to twinning in copper. The calculation is also
carried out for Fe–3%Si with similar conclusions. An
immediate application of the constitutive description
presented here is in the Weertman–Ashby defor-
mation mechanism maps. As an illustration, Fig. 13
shows a map for titanium (G.S. = 100 µm), to which
a twinning domain was added. The original map had
a domain called “obstacle controlled plasticity” . This

Fig. 13. Weertman–Ashby map for titanium (from Frost and Ashby [14], figure 17.4), with d = 100 µm, in
which a twinning domain has been inserted for 0.1%Oeq. titanium.

domain is here divided into “ twinning” and “slip”
domains. The same procedure can be applied to any
deformation-mechanism map, and it is suggested that
this will complement the maps and enhance their use-
fulness.

The procedure presented herein can be used to pre-
dict the critical pressure for twinning in shock com-
pression experiments. It is known that different met-
als have different threshold pressures for the initiation
of twinning; it has been established by Murr [96] that
for FCC metals this pressure is a function of the SFE.
The analysis requires the use of the Swegle–Grady
[97] equation and the procedure is delineated in
Ref. [98].
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